A NONLINEAR FINITE ELEMENT FRAMEWORK FOR VISCOELASTIC
BEAMS BASED ON THE HIGH-ORDER REDDY BEAM THEORY

G. S. PAYETTE AND J. N. REDDY

ABSTRACT. A weak form Galerkin finite element model for the nonlinear quasi-static and
fully transient analysis of initially straight viscoelastic beams is developed using the kine-
matic assumptions of the third-order Reddy beam theory. The formulation assumes linear
viscoelastic material properties and is applicable to problems involving small strains and
moderate rotations. The viscoelastic constitutive equations are efficiently discretized using
the trapezoidal rule in conjunction with a two-point recurrence formula. Locking is avoided
through the use of standard low order reduced integration elements as well through the
employment of a family of elements constructed using high polynomial-order Lagrange and

Hermite interpolation functions.

1. INTRODUCTION

Materials exhibiting characteristics of both elastic solids as well as viscous fluids are com-
monly known as viscoelastic materials. Prominent examples include metals at elevated tem-
peratures, polymers, rubbers and concrete. The theoretical foundations of viscoelasticity
are well established. We refer to the standard texts of Fliigge [14], Christensen [9], Findley
[13] and Reddy [36] for an overview on the theory of viscoelastic material behavior, as well
as the classical analytical solution techniques that may be used to solve simple viscoelastic
boundary value problems. Viscoelastic materials are often highly desirable for use in struc-
tural components, due to their natural ability to dampen out structural vibrations. The
capability to satisfactory predict the mechanical response of viscoelastic structures therefore
becomes of great importance in engineering design scenarios.

A variety of beam theory based finite element models have been presented in the literature
for the analysis of viscoelastic structures. The majority of these formulations employ some
form of either the Euler-Bernoulli or Timoshenko beam theories and are mostly restricted
to small strain analysis. The formulations differ in how the convolution form of the vis-

coelastic constitutive equations are temporally discretized. A popular approach adopted by
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many researchers is to employ the Laplace transform method directly in the construction
of the finite element equations [8, 1, 39]. In this approach, terms associated with the time
domain, including the convolution integral, are transformed into variables associated with
the Laplace space s. A successful numerical simulation therefore requires an efficient and
accurate inversion of the solution in s space back to the time domain. Many of the key ideas
are presented in work of Akdz and Kadioglu [1], wherein a Timoshenko beam element is de-
veloped using mixed variational principles. In their work, the finite element model requires
numerical inversion from the Laplace-Carson domain back to the time domain. Temel et al.
[39] utilized the Durbin’s inverse Laplace transform method in their analysis of cylindrical
helical rods (based on the Timoshenko beam hypotheses).

Additional numerical formulations for viscoelastic beams are based on the Fourier trans-
form method [7], the anelastic displacement (ADN) procedure [40, 28] and the Golla-Hughes-
McTavish (GHM) method [24, 25, 4, 3]. It has been noted that when the relaxation moduli
are given as Prony series, the convolution form of linear viscoelastic constitutive equations
may be equivalently expressed as a set of ordinary differential equations in terms of a col-
lection of internal strain variables. Numerical discretization procedures exploiting this ODE
form of the viscoelastic constitutive equations have been successfully adopted in the works
of Johnson et al. [19] and Austin and Inman [2].

The formulations described above are restricted to a class of problems involving infin-
itesimal strains and small deflections. Among the finite element formulations appearing
in the literature for nonlinear viscoelastic shell structures are the works of Kennedy [21],
Oliveira and Creus [27] and Hammerand and Kapania [16]. More recently, Payette and
Reddy [29] presented quasi-static finite element formulations for Euler-Bernoulli and Timo-
shenko beams that allow for loading scenarios that produce large transverse displacements,
moderate rotations and small strains. This previous work may be viewed as a bridge between
the formulations associated with either: (a) small strains or (b) fully finite deformations. In
this prior work, the trapezoidal rule was employed in conjunction with a two-point recur-
rence formula for efficient temporal integration of the viscoelastic constitutive equations.
The objective of the present paper is to extend the work of Payette and Reddy to create
an efficient locking-free nonlinear finite element framework for the analysis of viscoelastic
beam structures based on the high-order Reddy beam theory [30, 18, 41] for use in both

quasi-static as well as fully dynamic analysis.



2. KINEMATICS OF DEFORMATION

2.1. The displacement field. There are a variety of beam theories that have been success-
fully employed in the mechanical analysis of structural elements. Such theories are typically
formulated in terms of truncated Taylor series expansions of the components of the dis-
placement field with respect to the thickness coordinate. The most simple and commonly
employed theories are the Euler-Bernoulli beam theory (EBT) and the Timoshenko beam
theory (TBT). The major deficiency associated with the EBT is failure to account for defor-
mations associated with shearing. The TBT relaxes the normality assumption of the EBT
and admits a constant state of shear strain on a given cross-section. As a result, the TBT
necessitates the use of shear correction coefficients in order to accurately predict transverse
displacements. The third-order Reddy beam theory (RBT) was introduced to both account
for the effects of shear strains and to also produce a parabolic variation of the shear strain
through the thickness [30, 18, 41]. As a result, in the RBT there is no need to introduce
shear correction coefficients.

Before presenting the displacement field associated with the RBT we first introduce some
standard notation. We let B C R?, an open and bounded set, denote the material or
reference configuration of the beam. The material configuration may be expressed as B =
Q x A, where 2 = (0, L) and L is the initial length of the beam. In addition the quantity
A represents the beam’s cross-sectional area. A typical material point belonging to B is
denoted as X = (X,Y,Z). Likewise the spatial or current configuration of the beam is
denoted by B; and the associated points are expressed as x = (z,y, z). Points in the spatial
configuration are related to points in the material configuration by the standard bijective
mapping x : B X R — B;. As a result x = x(X,t). The displacement field associated with
the mapping may be expressed in the usual manner as u(X,t) = x(X,t) — X.

In the present work, we constrain the displacement field to conform to the kinematic
assumptions of the Reddy beam theory. The displacement field in the Reddy beam theory

(for a beam with a rectangular cross section) is taken as

w(X,Y, Z,t) = ug(X,t) + Z¢,(X,t) — Z3c; <¢m(X, t)+ %) (1a)

w(X,Y, Z,t) = wo(X, 1) (1b)

where the X coordinate is taken along the beam length, the Z coordinate along the thickness

direction of the beam, v is the axial displacement of a point on the mid-plane (X, 0,0) of the
3



beam and wy represents the transverse deflection of the mid-plane. When the deformation
is small the parameter ¢,(X,t) may be interpreted as the rotation of the transverse normal.
The constant c¢; is equal to ¢; = 4/(3h?), where h is the height of the beam and b is the
beam width. The displacement field of the Reddy beam theory suggests that a straight line
perpendicular to the undeformed mid-plane becomes a cubic curve following deformation, as

can be seen in Fig. 1.

Zw

(b)

FIGURE 1. Deformation of a beam structure according to the third-order
Reddy beam theory: (a) undeformed configuration and (b) deformed configu-
ration.

2.2. The effective strain tensor for the simplified theory. In the mechanical analysis
of deformable solids, it is necessary to employ stress and strain measures that are consistent
with the deformations realized [34, 6]. When the deformations of the body are large, there
are a variety of strain measures that may be employed. In our formulation we employ a total
Lagrangian description of the deformation. In such analysis, the Green-Lagrange strain
tensor E constitutes an appropriate measure of the strain at a point in the body. For the

present analysis the non-zero components of E may be expressed as

ou 1 ou \ > ow \ 2
s g5 () + (%) | 2
(O ow udu
- 2\0Z 90X 09X 9oZ

1/0u\?
EZZ = 5(@) (2(3)

In the present formulation we wish to develop a finite element framework that is applicable

Exz (2b)

under loading conditions that produce large transverse displacements, moderate rotations
4



(10—15°) and small strains [32]. Under such conditions it is possible to neglect the underlined
terms in the above definition of the Green-Lagrange strain tensor. Consequently, we employ a
reduced form of the Green-Lagrange strain tensor, denoted by e, whose non-zero components

may be expressed as

COuy 10w\ 9¢. 5 (0d.  Owp
%—a—Hi(a—x) T e 7\ T e (32)
)
Yzz = 25a:z - (1 - 6222) (¢x + %) (Sb)

where ¢y = 3c¢y. The strain components associated with the linearized strain tensor ¢ are
commonly called the the von Karman strain components. For a comparison of numerical
results obtained using the above simplified theory with the full nonlinear theory for elastic
structures, we refer to the work of Basar et al. [5]. It is important to note that the material
coordinates appearing in the definition of the reduced strain components and throughout the
remainder of this paper are denoted as (x,y, z) as a reminder that the present formulation
is applicable to small strains and moderate rotations, and is therefore a linearization of the

more general finite deformation theory.

2.3. Linear viscoelastic constitutive equations. For linear viscoelastic materials, the
constitutive equations relating the components of the second Piola Kirchhoff stress tensor S
to the Green-Lagrange strain E may be expressed in terms of the following set of integral

equations

S(t) =C(0) : E(t) + /OtC(t —s): E(s)ds (4)

where C(t — s) = dC(t — s)/d(t — s) and C(t) is the fourth-order viscoelasticity relaxation

tensor. In the present analysis the above expression reduces to
t
Orz(X, 1) = E(0)ez(x,t) + / E(t — s)eg(x, s)ds (5a)
0

0os (%) = G(0) 7 (x,1) + / Gt — 8)es (x, 8)ds (5b)

where 0,, and o, are the nonzero components of second Piola Kirchhoff stress tensor used in
the present simplified formulation. The quantities E(t) and G(t) are the relaxation moduli.
The specific forms of F(t) and G(t) will depend upon the material model employed. For the

present analysis we assume that these relaxation functions can be expanded as Prony series
5



of order NPS as

E(t) = Eo+ Z Ei(t), G(t) = Go + Z Gi(t) (6)

where Ej(t) and G;(t) have been defined as (following the generalized Maxwell model)
Et) = Ee™,  Gi(t) = Ge T (7)

It is important to emphasize that the Prony series representation of the viscoelastic relax-
ation moduli is critical for the implementation of efficient temporal numerical integration
algorithms of the integral type viscoelastic constitutive equations considered in this paper.
We note in passing that effective temporal integration algorithms for alternative classes
of viscoelastic constitutive equations, such as fractional derivative models, have also been

adopted in the literature (see for example Refs. [10, 11, 12, 15, 42]).

3. WEAK FORM GALERKIN FINITE ELEMENT MODEL

3.1. Weak formulation. The weak form Galerkin finite element model of the third order
Reddy beam theory may be developed by applying the principle of virtual displacements to
a typical beam as viewed in the reference configuration. The dynamic form of the virtual

work statement may therefore be expressed as

OW = —0K + oWr + 0Wg

:/(5u-p0ﬁ+6E:S—5u-p0b)dV—/ ou - tedS (8)
B

o

L
g/ /(5u-,00i’1+56:a—éu-pob)dAdx_ Su - tedS = 0
o Ja

Ts

where 0K is the virtual kinetic energy, dW; is the internal virtual work and dWg is the
external virtual work. The additional quantities py, b and t, are the density, body force and
traction vector, respectively. The above expression constitutes the weak form of the classical
Euler-Lagrange equations of motion of a continuous body.

In the finite element method we assume that the material domain = [0, L] is partitioned
into a set of NE non-overlapping sub-domains Q¢ = [2¢, z¢], called finite elements, such that
Q= UeNfl Q¢. The resulting variational problem associated with the weak formulation of

the Reddy beam equations may therefore be expressed as follows: find (ug, wo, ¢.) € V such
6



that for all (dug, dwy, d¢,) € X the following expressions hold within each element:

Tp
0= / (Ioéuou'o + %NM — (5u0f) dx — dup(x,)Q1 — dug(xy)Qs (9a)
. o . 8511}0 2 8w0 - 8(5’11)0 8?1)0
0= /ma |:[061U()U)0 + O (61[6 o - J4¢x) + o < o Nxx + Q:c - CQRJU) (9b)
_82511}0

00
€180 — 5w0q] dr — Q20wo(7a) — Qedwo(Ts) — Q3 (— a;UO)

0x?

86w0
o (— o )
0wy

— Q160 (a) — Qsddz (1)

T=xq

T=x)

009,
ox

(M — cle)] dx (9c)

where V and X’ are appropriate function spaces. It is important to note that in the finite ele-
ment implementation, wy must be approximated using Hermite polynomials. Consequently,
the nodal degrees of freedom of the resulting finite element model will contain not only wy
but also its derivative. For the sake of brevity we have omitted the superscript e from quan-
tities appearing in the above equations (e.g., ¥, and ;) and throughout the remainder of
this work. The quantities f and ¢ appearing above are the distributed axial and transverse

loads respectively. We have also introduced the following constants
]i = pol)Z = po/ ZidA, J4 = 01(14 - 01]6)7 KQ = [2 - 2C1[4 + C%[ﬁ (10)
A

The internal stress resultants N,,, M,., P, . and R, are defined as

N, 1 0 |

Mg, = / z OpedA, i} = / 02.dA (11)
A R, al 22

P,. 23

and can be expressed in terms of the generalized displacements (ug, wo, ¢,) through the use
of the viscoelastic constitutive equations. The quantities N,,, M,, and @), are the internal
axial force, bending moment and shear force. In addition, P,, and R, are higher order stress
resultants that arise in the third order beam theory due to the cubic expansion of the axial
displacement field. The quantities @; (j=L...,8) are the externally applied generalized nodal

forces.



3.2. Semi-discrete finite element equations. In this subsection we develop the semi-
discrete finite element equations associated with the third order Reddy beam theory. Within
a typical finite element the dependent variables may be adequately approximated using the

following interpolation formulas

2n
ZAl Do (@), wolz,t) =D AP (1)p?

j=1
ZA 3 (1)

where a space-time decoupled formulation has been adopted and n represents the number

(12)

of nodes per element. In the finite element method, the geometry of each element is char-
acterized using the standard isoparametric mapping from the master element Q° = -1, +1]
to the physical element Q° = [2¢, x¢]. The quantities Ag-l)(t), A§2) (t) and Agg)(t) are the
generalized displacements at the element nodes. In addition w](-l)(x) and %('2) (x) are the
(n — 1)th-order Lagrange and (2n — 1)th-order Hermite interpolation functions respectively.
Inserting Equation Eq. (12) into Egs. (9a) through (9c) results in the semi-discrete finite
element equations for the RBT. The resulting set of equations for a typical element may be

expressed as at the current time ¢ as
t
MHAY + KUY + [ {0t = (P} (13)

The element level equations may be partitioned into the following equivalent set of expres-

[MOHAPY + [KHADY + /t {A@(t,5)}ds = {FV} (14)

where o and ( range from 1 to 3 and Einstein’s summation convention is implied over f3.
Expressions for determining the components of the partitioned element coefficient matrices

and vectors are given explicitly in Appendix A.

3.3. Fully-discrete finite element equations. In this subsection we develop the fully
discretized finite element equations for the Reddy beam theory. We begin by partitioning
the time interval [0, 7] C R of interest in the analysis, where 7 > 0, into a set of N non-
overlapping subintervals such that [0,7] = Uy, Zx, and T = [t, tg1]- The solution may
then be obtained incrementally by solving an initial value problem within each subinter-

val Z;,, where we assume that the solution is known at ¢ = £,. Within each subregion it is
8



therefore necessary to introduce approximations for both the temporal derivatives of the gen-
eralized displacements (resulting from the inertia terms) as well as the convolution integrals
(resulting from the viscoelastic constitutive model of the material). Since temporal integra-
tion of the inertia terms is relatively straightforward, we restrict the current discussion to
discretization of the quasi-static form of the semi-discrete finite element equations only. In
this work, we approximate the convolution integrals using the trapezoidal rule within each
time subinterval. We further introduce a two-point recurrence formula, associated with a set
of history variables that are evaluated at the quadrature points, that is utilized to effectively
advance the numerical solution from one time step to the next such that data history is
only necessary from the immediate previous time step. Although not entirely the same, the
adopted procedure has its roots in many of the key ideas presented in the pioneering work
of Taylor et al. [38], where the finite element method was first employed to solve problems
in viscoelasticity using algorithms based on recurrence formulas.

We assume, without loss of generality, that the quasi-static semi-discrete finite element
equations have been successfully integrated temporally up until ¢ = ¢,. Our goal, therefore,
is to numerically integrate the finite element equations over the subinterval Z; to obtain the
solution for the generalized displacements at ¢t = t;, 1. Before proceeding we must empha-
size that all subsequent discussions regarding efficient recurrence based temporal integration
strategies rely on the following multiplicative decompositions of the Prony series terms ap-
pearing in the definition of the relaxation moduli [37]

El(tk—i-l — S) = €_Atk+1/TLEEl(tk — 8), Gl(tk—i-l — S) = B_Atk+1/TlGél<tk — S) (15)

where Aty 1 = try1 — tx is the time step associated with subinterval Z,. With the above

formulas in mind, we note that the components of A$(¢;41, s) may be conveniently expressed

as
AP (tri,8) = Y A (b, ) (16)
j=1
where ny = 1, no = 3 and n3 = 2. The components j/_\ia(tkﬂ,s) can be decomposed

multiplicatively using the following general formula

. NGP NPS ' '
AT (thr1s8) = Y XS (k)] B (At ), 5% (b, 5) Wi (17)

m=1 [=1



In the above expression we have employed the Gauss-Legendre quadrature rule in evaluation
of all spatial integrals (resulting in summation over m). The quantity W,, represents the
mth quadrature weight associated with the Gauss-Legendre quadrature rule. Summation
over [ is due to the Prony series representation of the relaxation moduli. The multiplicative
decomposition of each IA%(t, 1, s) is essential for the recurrence based integration strategy.
The components of 4 y&(t11) are used to store the discrete finite element test functions as
well as any nonlinear quantities associated with the first variation of the simplified Green-

Lagrange strain tensor. In the present formulation the components of ¢ x¢(#z41) are defined

as

A ()

Lyt = 1

mX'L( kJrl) dI ( 8&)
Owo (T, ter1) A (2m)

1.2 0 ) Lk+-1 7

: — 1

mXi (Lkg1) g o (18b)
&y (@)

2 2 7 m

mXi (ter1) = = (18c)
A ()

S XE(thr) = ——2 18d

mX@( k+1) dx ( 8 )

2 Xs (o) = mxi (trsn) (18e)

23 (tesr) = 0 () (18¢)

In the above expression, x,, represents the value of x as evaluated at the mth quadrature
point of a given finite element. The isoparametric mapping Q¢ = Q° used to characterize the
geometry of each element allows for simple evaluation of such expressions. The components
of {Ba(AtkH) are defined as

LB (Atpsr) = [ B (Atiyr) = I3 (Atygr) = | B3 (Atyyy) = e A/

(19)
382 (Atgyr) = 28°(Atyy) = e~ Bt /70

Likewise, the components of {mﬁco‘(tk, s) may be determined using the following formulas

- Oug (T, s 1/ Owo(zm, )\
Lkt ) = Bilt — s>Do{ olom9) 5( ol >) } (202)
it (b, 8) = pbi (E 9) (20b)
5 8211} Lm, S a¢x Tm, S
lzmliz(tk, S) = El<tk — S) (C%Df}% - L4—(a$ )> (20C)

10



(1) = Calty — 9)A, (a ) (20d)
Kt s) = Eilty — s) ( (a ) 1? w“a(;;“s)) (20¢)
it (ty 8) = 1t (T, 5) (20f)

It is important to note that the components of {mma(tk, s) have been defined such that the

following multiplicative recurrence formulas holds

Tk (g, 8) =1 B%(Atyeg 1,5 (ts ) (21)

The above expressions are admissible on account of the assumption that the relaxation
parameters are expressed in terms of Prony series.
We assume that at ¢ = t;, the components of the following expression are known

NGP NPS

/ tk, dS = Z Zsz tk lmXa(tk)W (22)

m=1 [=1

where 7 X(t;,) is a set of history variables (stored at the quadrature points of each element)

that are of the form .
. ko
LX) = [, 9)ds 2
0

We note that {mX “(0) = 0. At t = t;, the above history variables are known and there is no
need to explicitly evaluate the expression appearing on the right hand side of Eq. (23). At
the subsequent time step t = t5.; Eq. (22) may be written as

tht1 te tht1
/ TAT (trgr, s)ds = / TN (tryr, 5)ds —l—/ INS (g1, 8)ds
0 0 th

NGP NPS

- ZZsz te1)] 8% (At )1, X (1) Wi (24)

m=1 [=1
byl

+/ TN (thyt, 8)ds
173

It is important to note that we have expressed the first integral on the right hand side of
the above equation in terms of 7 X°(t;) (which is known from the previous time step).

To integrate the remaining expression in Eq. (24) over the subinterval Z; we employ the

11



trapezoidal rule which may be expressed as

betr At 4_ ._
[ R s = S PR b, 1) + 7R ()]

tk
NGP NPS

AtkH Z mel (tres1)] B (Abira) [ (b, ) (25)

m=1 [=1

+.ljmK’a (tka tk+1)i| Wm

As a result, Eq. (24) can be written in the following simplified form

NGP NPS

Tyl ) )
/ IRt $)ds = 3 S X (b Vo X2t Wi (26)
0

m=1 [=1
where

Atk+1 ki

X (thy1) = 1B (Atyrn) [ 5 by te) + i (Lt ]

+ zﬁ (Atgr)], X ()

(27)

As aresult, in Eq. (26) we have developed a general expression for integrating the viscoelastic
terms up to any discrete instance in time. The expression relies on a recurrence relationship
defined in terms of the set of history variables {mX *(tr+1). These variables must be stored
in memory at the immediate previous time step and may be updated to the subsequent
time step in accordance with the procedure outlined in Eq. (27). The history variables are
expressed explicitly in Appendix B. It is now possible to express the fully discretized finite

element equations at the current time step as

(K1 {A kg1 = {F b1 — {Q w1 (28)

where each of the components in the above equation are given in Appendix B.

3.4. Iterative solution of nonlinear equations using Newton’s method. The fully
discretized finite element equations are nonlinear due to the use of the von Karman strain
components in the definition of the effective strain tensor €. In our work, we adopt the
Newton procedure in the iterative solution of the nonlinear finite element equations. The

resulting linearized finite element equations are of the form

[T oA = —([K) LAY — (F3) +{Q))) (29)
12



where {0A° ,(::11) represents the incremental solution at the (r + 1)th nonlinear iteration.

The total global solution at the (r + 1)th iteration is obtained as

r+1 r+1 T
{ARY = AR + {2y (30)
The element tangent stiffness coefficient matrix [7" 3]1(21 appearing in the Newton linearization

of the finite element equations may be expressed (using Einstein’s summation convention over

n) as )
e __ 1€ a[_(zen e an
T = K+ Gardit oar (31)

All quantities comprising the tangent stiffness matrix are formulated using the solution from
the rth iteration. The partial derivatives are taken with respect to the solution at the current
time step. Formulas for evaluating the components of the element tangent stiffness coefficient

matrix are given in Appendix C.

3.5. Finite element interpolation of dependent variables. It is well-known that low-
order finite elements for beams are prone to locking [34, 31, 33] when quadrature rules
are employed that result in exact integration of the element coefficient matrices and force
vectors. To circumvent the locking phenomena, we consider two philosophically dissimilar
numerical procedures. In the first approach, we employ the lowest order element admissible
in the formulation (i.e., a two-noded element). Selective full and one point Gauss-Legendre
quadrature rules are applied; where reduced integration techniques are employed on all
nonlinear expressions associated with the finite element model. This element is denoted as
an RBT-2-R element (meaning a two-noded reduced integration RBT element). It is worth
noting that this element requires a splitting of the history variables into subsets associated
with the full and reduced quadrature points. In the second approach, we construct the Reddy
beam finite elements using high-polynomial order expansions of the dependent variables, by
systematically increasing the number of nodes per finite element. In this approach, the same
quadrature formulas may be employed in the evaluation of all expressions appearing in the
coefficient matrices and force vectors of the finite element model. The resulting elements
are denoted in this work as RBT-n elements, where n represents the number of nodes per
element.

In the proposed high-order finite element formulation, we employ an unequal spacing of

the nodes within each element. We define the nodal points, within the master element
13



Q¢ = [~1,+1], in terms of the roots of the following expression
(E-DE+DLE=0 o (32)

where L, (£) is the Legendre polynomial of order p [17] and n = p+ 1 represents the number
of nodes per element. As a result, the quantities &, where ¢ = 1, .., n, are the nodal points
associated with Q°¢. In our formulation we construct the high-order Lagrange interpolation
functions in accordance with the following expression

E-DE+VIYE o
p(p+ 1) Ly(&) (€ — &)

The above interpolation functions are often called spectral nodal interpolation functions in

(33)

the literature [20]. The high-order Hermite interpolation functions 1&(2) associated with the

master element (° may be calculated as
bR =) e (34)

The coefficients cz ~! appearing in the above expression may be determined by imposing the

following compatibility conditions on the interpolation functions

Y
K df

. dib?
i) = -

- = 37(§) =0 (35)
£=¢;

£=¢;

where 7 and j both range from 1 to n. The Hermite interpolation functions 1[)1(2) associated

with the physical element ¢ may be determined as
WL (©) =URL(E),  URE©) = JUR ) (36)

where J¢ is the Jacobian of the element coordinate transformation Q¢ = Q¢. The above for-
mulas may be utilized to generate high-order Lagrange and Hermite interpolation functions
for any number of nodes per element. The standard lowest order two-noded element may
be obtained as a special case. The interpolation functions associated with a six-node RBT

finite element are shown in Fig. 2.

4. NUMERICAL EXAMPLES

In this section, numerical results are presented and tabulated for the mechanical response

of viscoelastic beam structures obtained using the proposed finite element formulation for
14
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the third-order Reddy beam theory. The results presented in this section have been obtained
using the Newton solution procedure described in the previous section. Nonlinear conver-
gence is declared at time t;; once the Euclidean norm of the normalized difference between
the nonlinear iterative solution increments (i.e., ||{A}§::11) - {A}221||/||{A}1(€T11)||)a is less
than 1076,

The material model utilized in the quasi-static numerical studies is based upon the exper-
imental results tabulated by Lai and Bakker [23] for a glassy amorphous polymer material
(PMMA). The Prony series parameters for the viscoelastic relaxation modulus given in Table
1 were calculated by Payette and Reddy [29] from the published compliance parameters [23].

As in the work of Chen [8] and Payette and Reddy [29], we assume that Poisson’s ratio is
15



time invariant. As a result, the shear relaxation moduli is given as
E(t)
G(t) = ———

1+v) (37)

where Poisson’s ratio is taken to be v = 0.40 [22].

TABLE 1. Viscoelastic relaxation parameters for a PMMA.

Ey  205.7818 ksi

E,  43.1773 ksi 7 9.1955 x 107! sec.
B, 9.2291 ksi 2 9.8120 x 10° sec.
B3 22.9546 ksi 2 9.5268 x 10! sec.
E,  26.2647 ksi ¥ 9.4318 x 10? sec.
Es  34.6298 ksi 2 9.2066 x 10? sec.
Fs 40.3221 ksi i 8.9974 x 10* sec.
E;  47.5275 ksi P 8.6852 x 10° sec.
Ey  46.8108 ksi F 85143 x 10° sec.
Ey  58.6945 ksi & 7.7396 x 107 sec.

4.1. Quasi-static deflection of various thin beams under uniform loading. In this
first example we consider a viscoelastic beam of length L = 100 in. and cross section 1 in. x
1 in. At t = 0 sec. the beam is subjected to a uniform vertically distributed load gg = 0.25
Ib¢/in. Due to symmetry about x = L/2, it is only necessary to model half of the physical
domain. To assess the performance of various finite element discretizations in circumventing

the locking phenomena, we consider the following three sets of boundary conditions:

(1) Hinged at both ends
(9w0
wo(0,1) = uo(L/2,1) = TU(L/2,1) = 62(L/2,1) = 0 (39)
(2) Pinned at both ends
0

uo(0,¢) = wo(0,8) = up(L/2,) = 2 (L/2,1) = 6u(L/2,8) = 0 (39)

(3) Clamped at both ends
wo(0,6) = w(0,) = S2(0,8) = 6,(0,1) =0

3w0

uo(L/2,t) = W(L/Q’ﬂ = ¢:(L/2,t) =0

16
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TABLE 2. Comparison of the quasi-static finite element solutions for the maxi-
mum vertical deflection wy(L/2,t) of viscoelastic beams subjected to a uniform
load ¢qq for three different boundary conditions.

Time, ¢t RBT-2 RBT-2-R RBT-3 RBT-4 RBT-6
Hinged-hinged
0 5.4740 7.2840 7.2277 7.2946 7.2980
200 6.1234 8.6052 8.5170 8.6169 8.6217
400 6.1895 8.7473 8.6552 8.7592 8.7641
600 6.2295 8.8340 8.7396 8.8460 8.8510
800 6.2615 8.9035 8.8071 8.9156 8.9207
1,000 6.2886 8.9627 8.8646 8.9748 8.9799
1,200 6.3119 9.0138 8.9143 9.0259 9.0311
1,400 6.3322 9.0584 8.9575 9.0705 9.0758
1,600 6.3499 9.0975 8.9956 9.1098 9.1150
1,800 6.3656 9.1322 9.0293 9.1445 9.1498
Pinned-pinned
0 1.2442 1.2493 1.2452 1.2452 1.2452
200 1.3233 1.3291 1.3242 1.3242 1.3242
400 1.3313 1.3371 1.3322 1.3322 1.3322
600 1.3361 1.3420 1.3370 1.3370 1.3370
800 1.3399 1.3459 1.3409 1.3409 1.3409
1,000 1.3432 1.3492 1.3441 1.3441 1.3441
1,200 1.3460 1.3520 1.3470 1.3470 1.3469
1,400 1.3484 1.3545 1.3494 1.3494 1.3494
1,600 1.3506 1.3566 1.3515 1.3515 1.3515
1,800 1.3525 1.3585 1.3534 1.3534 1.3534
Clamped-clamped
0 0.9037 0.9098 0.9106 0.9108 0.9109
200 0.9918 0.9992 0.9993 0.9995 0.9997
400 1.0007 1.0082 1.0083 1.0084 1.0086
600 1.0060 1.0136 1.0136 1.0138 1.0140
800 1.0103 1.0180 1.0180 1.0182 1.0183
1,000 1.0139 1.0216 1.0216 1.0218 1.0220
1,200 1.0170 1.0248 1.0247 1.0249 1.0251
1,400 1.0197 1.0275 1.0275 1.0277 1.0278
1,600 1.0221 1.0299 1.0298 1.0300 1.0302
1,800 1.0242 1.0321 1.0319 1.0322 1.0323

In Table 2 and Fig. 3 we summarize numerical results for the maximum vertical deflection
of the viscoelastic beam for the three different sets of boundary conditions listed above. The
tabulated results were obtained using 10 RBT-2 elements (11 nodes), 10 RBT-2-R elements

(11 nodes), 5 RBT-3 elements (11 nodes), 3 RBT-4 elements (10 nodes) and 2 RBT-6
18



elements (11 nodes). An equal time increment of At = 1.0 sec. was employed for all time
steps. To insure convergence of the nonlinear solution procedure, the instantaneous elastic
solution (at ¢t = 0 sec.) was obtained through the use of five load steps. At each subsequent
time step, the finite element equations were solved iteratively using the Newton procedure
without employing load stepping. Typically, only 2 or 3 Newton iterations were necessary
to satisfy the nonlinear convergence criterion.

It is interesting to note that the numerical results for all finite element discretizations are
comparable with the exception of the case where the beam is subjected to hinged boundary
conditions at both ends. For this problem, the RBT-2 finite element clearly suffers from
locking. It is evident, however, that polynomial refinement of the solution naturally alleviates
the locking. In fact, the RBT-3 element is almost completely locking free. Overall we find
that this element is less prone to locking (when n is small) than the Timoshenko beam
element employed previously by Payette and Reddy [29]. The results obtained for the RBT-
6 element are spatially fully converged and compare well with the Timoshenko beam results
obtained using high-order polynomial expansions [29].

For the hinged-hinged beam configuration, the vertical deflection coincides with the exact
solution of the geometrically linear theory. In Table 3 we compare numerical results obtained

using 2 RBT-6 beam elements with the exact solution for the Timoshenko beam theory given

by Fliigge [14] as
wo(L/2,1) = ;’gzgz {1 + W (%) }D(t) (41)

where D(t) is the creep compliance and x is the shear correction factor. The error in the

numerical solution due to temporal integration via the trapezoidal rule tends to over-predict
the deflection of the beam as is evident in Table 3 (where numerical solutions obtained using

various time increment sizes are compared).

4.2. Quasi-static deflection of a thick beam under uniform loading. In this next
example we consider a thick (i.e., L/h < 20) viscoelastic beam to demonstrate the ability of
the Reddy beam finite element formulation to accurately account for deformations associated
with shearing. We modify the thin beam problem of the previous example by letting L = 10
in., ¢ = 25.0 Ib¢/in and At = 1.0 sec. All other geometric and material parameters are
the same as in the previous example. In Table 4 numerical results are presented for the
transverse deflection of pinned-pinned and clamped-clamped beams. The same number of

elements (per element type) are employed as in the previous example. In Table 4 we also
19



TABLE 3. Analytical and finite element solutions for the maximum quasi-
static vertical deflection wo(L/2,t) of a hinged-hinged beam under uniform
transverse loading qq.

Maximum vertical deflection, wq(L/2,t)
Time, ¢ Exact At =0.1 At =1.0 At =2.0 At =5.0 At =10.0

0 7.2980 7.2980 7.2980 7.2980 7.2980 7.2980
200 8.5429 8.5437 8.6217 8.8493 10.2278 14.7260
400 8.6827 8.6835 8.7641 8.9993 10.4291 15.1493
600 8.7680 8.7689 8.8510 9.0910 10.5524 15.4107
800 8.8364 8.8372 8.9207 9.1645 10.6513 15.6214

1,000 8.8945 8.8954 8.9799 9.2270 10.7356 15.8022
1,200 8.9448 8.9456 9.0311 9.2811 10.8087 15.9597
1,400 8.9886 8.9895 9.0758 9.3282 10.8726 16.0983
1,600 9.0271 9.0280 9.1150 9.3697 10.9288 16.2210
1,800 9.0612 9.0621 9.1498 9.4064 10.9787 16.3306

compare results from the Reddy beam theory with finite element results obtained using a
low order reduced integration finite element model based on the Euler-Bernoulli beam theory
(which does not account for deformations associated with shearing).

TABLE 4. Comparison of the quasi-static finite element solutions for the

maximum vertical deflection wg(L/2,t) of thick pinned-pinned and clamped-
clamped viscoelastic beams under uniform transverse loading qq.

Maximum vertical deflection, wq(L/2,t)

pinned-pinned clamped-clamped
Time ¢ EBT-2-R RBT-2-R RBT-6 EBT-2-R RBT-2-R RBT-6
0 0.07184 0.07362 0.07367 0.01459 0.01645 0.01653
200 0.08437 0.08643 0.08649 0.01724 0.01943 0.01952
400 0.08571 0.08779 0.08785 0.01752 0.01975 0.01985
600 0.08652 0.08862 0.08869 0.01769 0.01995 0.02004
800 0.08717 0.08929 0.08935 0.01783 0.02010 0.02020
1,000 0.08773 0.08985 0.08992 0.01795 0.02024 0.02033
1,200 0.08821 0.09034 0.09041 0.01805 0.02035 0.02045
1,400 0.08862 0.09076 0.09083 0.01814 0.02045 0.02055
1,600 0.08899 0.09114 0.09121 0.01822 0.02054 0.02064
1,800 0.08931 0.09147 0.09154 0.01829 0.02062 0.02072

4.3. Quasi-static deflection of a thin beam due to time-dependent loading. For this

next example we employ the geometric parameters, material properties and hinged-hinged
20



boundary conditions utilized in the first numerical example. We replace the stationary
uniformly distributed load with the following quasi-static transverse load

1
(6 — )
where go = 0.25 lbg/in, 7 = 200 sec. and H(t) is the Heaviside function. The parameters

q(t) = qo {H(t) - [(t —ar)H(t —ar) = (t — f)H(t — 57)]} (42)

0 < a < B <1 are constants whose values may be appropriately adjusted. The load function
above is constant for 0 < t < a7 and decays linearly from ¢t = a7 to t = 7, after which the
load is maintained at zero. We utilize the above loading function to numerically demonstrate
that the finite element model correctly predicts that the viscoelastic beam will eventually
recover its original configuration upon removal of all externally applied mechanical loads.
The numerical solution for the problem is presented in Figure 4 for various values of o and

B. Tt is clear that in all cases, the beam tends to recover its original configuration as ¢ tends

to infinity.
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FIGURE 4. Maximum vertical deflection wg(L/2,t) of a hinged-hinged vis-
coelastic beam subjected to a time-dependent transverse load ¢(t).

4.4. Fully dynamic response of hinged viscoelastic beams. As a final example, we
consider the fully transient mechanical response of viscoelastic beams under mechanical

loading. For this example we employ a simple three parameter solid model utilized previous
21



by Chen [8]. In the standard three parameter solid model, the relaxation modulus may be

expressed as

o klk? —t/TE —t/TE
B = (1 e 1>+kle ! (43)

where in the present example k1 = 9.8 x 107 N/m? and ks = 2.45 x 10" N/m?. The relaxation
time is of the form 7 = n/(k; + ko) and the material density is taken to be py = 500 kg/m?3.
A constant Poisson ratio of v = 0.3 is assumed.

We consider a beam with hinged boundary conditions at both ends. The beam length,
width and thickness are taken to be L = 10 m, b = 2 m and h = 0.5 m respectively. We
consider two loading scenarios. In loading scenario (1) a uniformly distributed transverse
load is specified along the entire length of the beam as ¢(t) = qoH (t) N/m, where ¢y = 10.
Likewise, for loading scenario (2) a periodic concentrated force is applied at the center of
the beam as F(t) = qosin(nt) N, where g = 50. In the finite element discretization of
both problems, we employ 2 RBT-6 elements of equal size. As in the previous examples,
symmetry is once again exploited in construction of the finite element meshes. We utilize the
Newmark-3 procedure [26] for performing temporal integration of the inertia terms appearing
in the fully transient beam finite element equations. The Newmark integration parameters
are chosen in accordance with the constant-average acceleration method [35]. Both transient
problems are solved over a total time interval of 20 sec. For loading scenario (1) we employ
500 time steps, while 1,000 time steps are utilized for loading scenario (2).

Numerical results for loading scenarios (1) and (2) are presented in Figs. 5 and 6 respec-
tively. In each figure we present both viscoelastic and elastic solutions (where the Young’s
modulus is obtained by taking Egasiic = F(0)). As expected, the viscoelastic effects tend to
add damping to what would otherwise be purely elastic response. In Fig. 5 we present fully
transient viscoelastic results using two different values for . This problem is also solved using
the quasi-static visoelasticity solution procedure. It is evident that the transient viscoelas-
tic solution approaches the steady-state quasi-static viscoelastic response once a sufficiently
long enough period of time has transpired. For loading scenario (2) the viscoelasticity effects
clearly reduce the overall amplitude of the forced vibrational response. An overall smoothing

of the beam response is also observed for this problem.
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5. CONCLUDING REMARKS

In this paper we have presented an efficient finite element framework for the numerical
simulation of the quasi-static and fully transient mechanical response of viscoelastic beam
structures based on the kinematic assumptions of the third-order Reddy beam theory. The
present formulation is applicable for use in the analysis of structures undergoing large trans-
verse displacements, moderate rotations and small strains. The viscoelastic constitutive
equations in the semi-discrete finite element equations were temporally discretized through
the use of the trapezoidal rule and a two-point recurrence formula, resulting in an efficient
temporal integration procedure. The finite element formulation has been successfully im-
plemented numerically using standard low-order reduced integration based finite element
technology as well as a family of elements constructed using high polynomial-order Lagrange
and Hermite interpolation functions. The finite element procedures have been successfully
employed in the numerical simulation of the mechanical response of both quasi-static and

fully transient viscoelastic beams.
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APPENDIX A: SEMI-DISCRETE FINITE ELEMENT EQUATION COMPONENTS

The components of the partitioned element coefficient matrices and vectors appearing in the

semi-discretized finite element formulation, given in Eq. (14), may be determined as

Tp
MY :/ LoV d (Ala)
12 21
M =M=0 (A1b)
13 _ 31 __
M = M3 =0 (Alc)

24



™ dyp® dp'?
22 _ (2),,(2) 2 i J
Mz‘j = /ma ([o% @Dj + c1lg S )dl‘

2)
g =agt=- | PR Wi 0 gy
" I de 7

v — [ u® <1>d
ij 2; %- €z

dy d
Kz'ljl:/ E(0)Dy ¢ ¢ dx

dr dx
K=yt [ (ron et )
K =Kj =0
i [ prom (e S 470
+E(0) 2D6d2w2 dfﬂ }dw
K =K# = L " (G(O)Asdwim J(”—E(O)Lf?iém dﬁ))dx

33 o @D(l) ¢(1) (1) (1)
Ky :/xa (E(O)M2 e — + G(0) Ay Myl )dx

o dpV Oup(z,s) 1
1 — o i 5 L
Ailt5) _/xa Bt =s)Do=g, { or 2

9 Y Owy(z,t) dz/)Z@) ug(x,s) 1 [ wg(x,s)\>
. 2¢(2 o2 : aqu 7
e )
(2)
+G(t — s)A, dj; (8w(;9(;c, ) + ¢u(z, s)) }dag
_ ("5 dy) Oy (1, 5) O*wo(x, s)
A?(t, S) = /xa |:E(t — S) dr (M2 Oz — L4 812 )
+G(t - S)As%(l) (% + ¢p(z, s))} dx

25

(Ald)

(Ale)

(ALf)

(A2a)

(A2b)

(A2c)

(A2d)

(A2e)

(A2f)

(A3a)

(A3b)

(A3c)



i = / "o rdr + D ()01 + 0 ()05 (Ada)

2 [ @) @ dy”
by = /xa Ui qdr + Qo (20) + Qot; ™ () + Q3 <— d; ) - (Adb)
dp?
el )l
F? = Qe (z4) + Qsto(” () (Adc)
In the above equations we have made extensive use of the following constants

Ay = Dy — 2Dscy + Dyc?
Ly =c1(Dy — Dgcy) (A5)

M2 = D2 — 2D4Cl + D6C%

APPENDIX B: HISTORY VARIABLES AND FULLY-DISCRETE FINITE ELEMENT

EQuATION COMPONENTS

The history variables in Eq. (27) may be expressed explicitly at ¢, as

At - Oug (T, t 1 [ Qwo(xp,, t 2
X (tes) = S—HDO{EZ(Athrl) {% + 5(%) 1 (Bla)

+E(0) ox ox

b et/ X (1)

i X (1) = 1 X (1) (B1b)
X ) = 2L BBty (g0 D) POt} (g
+E1(0) (C?DG 9w (g;r; tor1) L. 9%(905;, tht1) )]
e AT X2(1)
8 X () = DA {c’:lwkﬂ) (—aw‘)(g;’ W 1 g tk)> (B1d)

+él(0> (%ﬁ;tk"'l) + (bI(xm’ tk+1))} 4 e*AtkH/TzG?mXQ(tk)



At - OGOz (T, t 0wy (zp,, t
DX () = —at {El(AtkH) (Mz% - LZL%) (Ble)
= 0P (T, thy1) O*wo (T, trs1)
+El(0) (M2 ax — L4 83}2
e A/l X3 (1)
lszB(thrl) = ?mX2<tk+1) (Blf)

Likewise, the components of the fully discretized finite element coefficient matrices and

vectors, given in Eq. (28), may be evaluated at the current time step ¢,y as

_ 2 Aty - dp® dyp
Kl = / (E(0)+ §+1E(0))DO Z’; Z’; dx (B2a)
e oo / " (o) + Mt o)) p, 0@ tir) dvr” W (B2b)
CA ji_2% 2 0 ox dr dzx
K3 = K% =0 (B2c)
@)
- 1 Aty - Owo(z, tgr1) 2dy® dy
K??:/—E “MLEW0) D O T R B2d
" - {2( (0)+ 2 (0)) Do Ox dr dx (B2d)
(@)
Atpsr g\ oy P07 0
+ (E (0) + TE(O))CIDG de dx2
(2)
AV o Ay dy;
G (0) + =2 G0) A, ———|d
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A U= S P (B2e)
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K = / KE<0)+—§“E<O))M2—3; - (B2f)

+ (G(O) + %G(O)) Aswl(”wj.”} dx

The quantities Q%(t,,1) are expanded as
Q=20 (B3)

Jj=1
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where n; = 1, no = 3 and nz = 2, such that the components /Q% may be defined as

Qi (thar) =
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IQ?(tk—H) =

QQ?(tk—H) =

Aty [ dwi(l) Qup(x,ty) 1 [ Awo(x, te)\”
/% Blte)Do=y =\ = — T3l Tan ) |®
NGP NPS
pd

+ZZe*Atk+1/ﬁ —‘Z’ (@) X' (t) Wi
m=1 [=1
A @ (2)

b | B(Atyr) 0, 210 i) 00 {au“éjt’“)

_|_1 awo(x’tk) dx —l—%%e Atk+1/Tan0(xmatk+1) 1/)£2)<xm)x
2 ox — = ox dx
Aty [ d2¢ *wo(x, ty,) 00z (x, tr)

[, BT (4052 - L Jas
NGP NPS

+ Atk+1/Tl 2 X2 t Wm
ZZ il
Aty [ d¢(2 Owo(z, ty)

NGP NPS
—Aty, 1/7Gd¢ ( )3 2

P33 sy sy,
m=1 [=1
At Ty dypV Ody(x,t 0wy (w,t

[ 4 () Pl
NGP NPS ()< )
+ —Atk+1/7'l lmX3t Wm

At Ty N Owo(x,t
= / ot A (P (o, 0) ) o

NGP NPS

_ e
+ 30 S e Ay )2 X () W

m=1 [=1

APPENDIX C: ELEMENT TANGENT STIFFNESS MATRIX COMPONENTS

(B4a)

(B4b)

(B4c)

(B4d)

(B4e)

(B4f)

The components of the element tangent stiffness coefficent matrix, given in Eq. (31), may

be determined as

11 _ 511
Tz’j *Kij
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T2 =T7 = 2K} (C1b)

T13 T31 —0 (Clc)
_ b Atpiq - Oug(, try1) Owo(z, tesr)\”
T22 _ [722 2Okl TR0, PkAL) THONS, Ph+1)
(2)
Aty Duo(w,ti) 1 (dwolw, )]\ dut” dv;
A - ) 7 J
L 2 B tkﬂ){ Ox * 2 Ox dr dz da
NGP NPS (2)
- o i) (xm)d¢~(xm)
+ e Atkt1/7 J 1mX2 )W,
mzl ; T im X ()
T23 T32 [—(izjg (Cle)
T33 K33 (C1f)

Clearly the tangent stiffness coefficient matrix is symmetric.
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